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Action Principle and Conformal Symmetry

Polyakov’s Action

SP [γ, X , ψ] = −
1
4π

+∞∫
−∞

dτ
`∫

0

dσ
√
− detγγαβ

(
2
α′
∂αX

µ ∂βX
ν +ψµ ρα∂βψ

ν

)
ηµν

Symmetries:

• Poincaré transf. X ′µ = ΛµνXν + cµ

• 2D diff. γ′αβ =
(
J−1
) λρ

αβ
γλρ

• Weyl transf. γ′αβ = e2ω γαβ

Conformal symmetry:

• vanishing stress-energy tensor: Tαβ = 0
• traceless stress-energy tensor: tr T = 0
• conformal gauge γαβ = eφ ηαβ
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Action Principle and Conformal Symmetry

Let z = eτE+iσ ⇒ ∂T (z) = ∂T (z) = 0:

T (z)Φh(w)
z→w∼ h

(z − w)2
Φh(w) +

1
z − w

∂wΦh(w)

T (z) T (w)
z→w∼

c
2

(z − w)4
+O

(
(z − w)−2

)
Virasoro algebra V ⊕ V

[
(−)

L n,
(−)

L m

]
= (n −m)

(−)

L n+m +
c

12
n
(
n2 − 1

)
δn+m, 0[

Ln, Lm
]

= 0

Re z

Im z ∣∣z(1)∣∣ = eτE (1)

∣∣z(0)∣∣ = eτE (0)

w

C(0)

C(1)
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Action Principle and Conformal Symmetry

Superstrings in D dimensions:

T (z) = − 1
α′
∂X (z) · ∂X (z)− 1

2
ψ(z) · ∂ψ(z) ⇒ c =

3
2
D

(λ, 0) / (1− λ, 0) Ghost System

Introduce anti-commuting (b, c) and commuting (β, γ) conformal fields:

Sghost[b, c , β, γ] =
1
2π

∫∫
dz dz

(
b(z) ∂c(z) + β(z) ∂γ(z)

)
where λb = 2 and λc = −1, and λβ = 3

2 and λγ = − 1
2 .

Consequence:
cfull = c + cghost = 0 ⇔ D = 10.
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Extra Dimensions and Compactification

Compactification

M 1, 9 = M 1, 3 ⊗X6

• X6 is a compact manifold
• N = 1 supersymmetry is preserved in 4D
• algebra of SU(3)⊗ SU(2)⊗U(1) in arising gauge group

Kähler manifolds (M, g) such that
• dimCM = m

• Hol(g) ⊆ SU(m)

• g is Ricci-flat (equiv. c1(M) vanishes)

Characterised by Hodge numbers

hr , s = dimC H
r , s

∂
(M, C)

counting the no. of harmonic (r , s)-forms.
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D-branes and Open Strings
Polyakov’s action naturally introduces Neumann b.c.:

∂σX (τ,σ)

∣∣∣∣σ=`

σ=0
= 0

satisfied by open and closed strings living in D dimensions s.t. �X = 0.

T-duality

X (z , z) = X (z) + X (z)
T⇒ X (z)− X (z) = Y (z , z) = Y (z) + Y (z)

Resulting effect (repeated p ≤ D − 1 times) leads to Dirichlet b.c.:

∂σX
i (τ,σ)

∣∣∣∣σ=`

σ=0
= 0 T⇒ ∂τY

i (τ,σ)

∣∣∣∣σ=`

σ=0
= 0 ∀i = 1, 2, . . . , p

thus open strings can be constrained to D(D − p − 1)-branes.
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D-branes and Open Strings

Introducing Dp-branes breaks ISO(1, D − 1)→ ISO(1, p)⊗ SO(D − 1− p).

Massless Spectrum (irrep of little group SO(D − 2)

Aµ ↔ αµ−1 |0〉 −→ AA ↔ αA
−1 |0〉 , A = 0, 1, . . . , p

Aa ↔ αa
−1 |0〉 , a = 1, 2, . . . , D − p − 1

λ112 λ223

λ322

λ431

Introducing Chan–Paton factors λr ij , when
branes are coincident:

N⊕
r=1

Ur (1) −→ U(N)

Build gauge bosons, fermions and scalars.
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Standard Model-like Scenarios

baryonic
(
Y = 1

3

)

left
(
Y = − 1

2

)

leptonic (Y = 0)

leptonic (Y = −1)

right (Y = −1) right (Y = 0)

(
uL
dL

)
uR dR

(
νeL
e−L

)
e+R
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Intersecting D-branes

Consider N intersecting D6-branes filling M 1,3 and embedded in R6

Twist Fields Correlators〈
NB∏
t=1

σM(t)

(
x(t)
)〉

= N
({

x(t), M(t)

}
1≤t≤NB

)
e
−SE (cl)

(
{x(t),M(t)}1≤t≤NB

)

X 1

X 2

D(1)

D(2) D(3)

g(1)

g(2) g(3)

f(1)

f(2)

f(3) πα(1)

πα(2)

πα(3) D-branes in factorised internal space:
• embedded as lines in R2 ×R2 ×R2

• relative rotations are SO(2) ' U(1)
elements

• SE (cl)

({
x(t), M(t)

}
1≤t≤NB

)
∼

Area
({

f(t), R(t)

}
1≤t≤NB

)
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SO(4) Rotations

Consider R4 ×R2 (focus on R4):

D(t)

X 1
(t)

X 2
(t)

X 3, 4
(t) (

X(t)

)I
=
(
R(t)

)I
J
X J−g I

(t) s.t. R(t) ∈
SO(4)

S(O(2)×O(2))

that is [
R(t)

]
=
{
R(t) ∼ O(t)R(t)

}
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Boundary Conditions

What are the consequences for open strings?

• consider u = x + iy = eτe+iσ and u = u∗

• let x(t) < x(t−1) be the worldsheet intersection
points on real axis

• X 1, 2
(t) are Neumann, X 3, 4

(t) are Dirichlet x

y

x(1)x(2)x(3)x(4)

D(2)D(3)D(4)

D(1) D(1)

Branch Cuts and Discontinuities for x ∈ D(t){
∂uX (x + i0+) = U(t) · ∂uX (x − i0+) =

[
R−1(t) · (σ3 ⊗ 12) · R(t)

]
· ∂uX (x − i0+)

X (x(t), x(t)) = f(t)
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